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Fixed point for F'|-weak contraction

NEERAJ GARAKOTI*, MAHESH CHANDRA JOSHI, ROHIT KUMAR

ABSTRACT. In this paper, we establish some fixed point results for F -
weak contraction in orthogonal metric space and we give an application
for the solution of second order differential equation.

1. INTRODUCTION

In 2017, Gordeji et al. [3] introduced the idea of orthogonal metric spaces
and gave the following definitions.

Definition 1 ([3]). Let X be a non-empty set and L C X x X be a binary
relation. If 1 satisfies the condition

there exists zg; ((for ally; y L xg) or (for ally; xo L y)),
then (X, 1) is called an orthogonal set (briefly O-set).

Example 1 ([3]). Let X be the collection of people in world. Define or-
thogonality as x L y if  can donate blood to y. As we know blood group
ABT is universal acceptor and O~ is universal donor so X is an O-set where
orthogonal element is not unique.

Type | You can give blood to | You can recive blood to
AT AT ABT AT A, 07,0
o* Ot AT, Bt AB™ ot,0~
BT BT, AB* BT,B~,0",0~

ABT ABT Everyone
A~ A AT ABT, AB~ A=, 0™
(O FEveryone O~
B~ B~,B*,ABT,AB~ B~,0™

AB~ AB~,AB* AB~,B~,07, A~
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114 FIXED POINT FOR F'| -WEAK CONTRACTION

Definition 2 ([3]). A sequence {z,}nen in O-set is called orthogonal se-
quence (briefly O-sequence) if either

Tn L Tpy1 or xpe1 L xy, for alln € N.

Definition 3 ([3]). Let (X, d, L) is said to be an orthogonal metric space if
(X, L) is an O-set and (X, d) is a metric space. The space X is orthogonally
complete (briefly O-complete) if every Cauchy O-sequence is convergent.

Definition 4 ([3]). Let (X,d, L) be an orthogonal metric space.

(1) A mapping f : X — X is said to be orthogonal contraction (L-
contraction) if

d(fz, fy) < Md(z,y), for all z L y and0 < A < 1.

(2) A mapping f : X — X is called orthogonal preserving (_L-preserving)
mapping if z L y then f(z) L f(y), and f is said to be L-weakly
preserving if f(z) L f(y) or f(y) L f(x) whenever z L y.

(3) A mapping f : X — X is orthogonal continuous (_L-continuous) if
for each O-sequence {ay, }nen in X whenever a,, — a implies f(a,) —
f(a) asn — oo. Also, f is L-continuous if f is L -continuous for each
ac X.

Generalizing Banach contraction, in 2012, Wardowski [8] introduced a new
concept of contraction called F-contraction. Thereafter, F-contraction has
been extended in different settings and various spaces with their applications,
see [1, 2, 4, 7].

Definition 5 ([8]). Let F be the family of functions F' : Ry — R such that
(F1) F is strictly increasing, i.e. for all o, 3 € R" such that a < f§ =

F(a) < F(B);
(F2) For each sequence {ay, }nen of positive numbers lim,, o0 ayy = 0 if
and only if lim,,_, F(ay,) = —o0;

(F3) There exists j € (0,1) such that lim,_,y+ o/ F(a) = 0.

A mapping T : X — X is said to be an F- contraction if there exists
7 > 0 such that, for all z,y € X,
(1) d(Tz,Ty) >0 = 7+ F(d(Tz,Ty)) < F(d(z,y)).

Example 2 ([8]). Let F : Ry — R be given by a formula F(a) = In(«).
It is clear that F' satisfies (F'1 — F'3) for any j € (0,1). Each mapping
T : X — X satisfying condition (1) is an F-contraction such that

d(Tz,Ty) < e "d(x,y), forallz,ye X, Tx #Ty.

It is clear that for x,y € X such that Tz = Ty, the inequalities d(Tx, Ty) <
e~ Td(x,y) also holds, i.e. T is Banach contraction.

Using the concept of F-contraction, Wardowski [8] generalized the Ba-
nach Contraction Principle and proved that every F-contraction in a com-
plete metric space has a unique fixed point. Later in 2014, Wardowski [9]
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introduced the concept of F-weak contraction and established some fixed
point results.

Recently, Sawangsup et al. [6] generalized F-contraction in orthogonal
metric space and proved some fixed point results for F'| -contraction map-

pings.

Definition 6 (|6]). A map 7': X — X is said to be orthogonal F- contrac-
tion or F'| -contraction on an O-metric space (X, L, d) if there exist F' € F
and 7 > 0 such that, for all z,y € X with = L y,

2) d(Tz,Ty) >0 = 7+ F(d(Tz,Ty)) < F(d(z,y)).

2. MAIN RESULTS

Now, we generalize the condition of Wardowski [9] and prove some results
in orthogonal metric spaces.

Definition 7. A map T : X — X is said to be orthogonal F-weak contrac-
tion on an O-metric space (X, L,d) if there exist F' € F and 7 > 0 such
that, for all z,y € X with « 1 y,

(3) d(Tz,Ty) >0 = 7+ F(d(Tz,Ty)) < F(M(x,y)),

where

d(z,Ty) + d(y, Tx) }
5 )

M (z,y) = max {d(az, y), d(z,Tx), d(y, Ty),

Theorem 1. Let (X, L,d) be an O—complete metric space and T be a 1 -
preserving, F'| -weak contraction, 1 -continuous on X. Then, T has unique
fizxed point in X .

Proof. From the definition of orthogonality, it follows that z¢ L f(z) or
f(zo) L xo. Define a sequence xy,+1 = Txy, for all n € Ny (Ng = NU {0}).
If there exist m € Ny such that Tz, +1 = Txp,, then z,, is fixed point of 7'
Thus we assume that x,11 # x, for all n € Ny.

Since, T is - preseving, we have

either xp L xpy1 or xpy1 L g,

for all n € Ny. This implies that {z,} is an O-sequence. By equation (3),
we have

d(xp, tny1) = dTxp-1,Try) >0 =
T+ F(d(Txp—1,Txy,)) < F(M(xp_1,2n)),

where

M(&?n_l,l’n) = maX{d($n—1uxn)>d($n—1’T$n—l)7d(xanxn)a
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d(ﬂ'}n, Txn—l) + d($n—17 Txn) }
2

d n—1» n
= max {d(xn_l,xn),d(:rn,xn+1), W}

IN

d(mn—lv xn) + d(xru mn—l—l)

max {d(mn_l, Zn), d(Tn, Tni1), 5

= max {d(mn_l, Zn), d(Tn, Tny1) }

If max{d(xp—1,%n),d(Tn, Tnt1)} = d(xp, Tpni1), for some n, using equation

(3), we have
F(d(zn, tni1)) < F(d(2n, 2ni1)) =7 < F(d(@n, ni1)),
which is a contradiction. Therefore, for all n € N, we have
F(d(r 2n11)) < F(d(n_1,7m)) — 7

Hence, we get

(4) F(d(xp,pe1)) < F(d(xg,21)) —n1, for alln € N.
Taking limit as n — oo, we get
nh_)rgo F(d(zp, nt1)) = —00.

Hence, by the (F'2) property
(5) lim d(zy,zn+1) = 0.

n—oo

By property (F'3), there exist j € (0, 1) such that
() T (A2, 2012)) F ({20, 2 12)) = 0.
Multiplying (4) by d(zp, zn41)?, we get
(A(@n, @ns1))! (F(d(2n, Tn41)) = Fd(zo,21))) < —n7(d(2n, Tn41))’ < 0.
)

Taking limit and using equations (5) and (6), we get

lim (n( (Zn, xn+1))3>

n—oo
Then, there exists n; € N s.t. n(d(zp, z,41))? < 1, for all n > nq, we get
1
(7) d(l‘naanrl) < I
ni

Using tiangular inequality and equation (7), for all m,n € Ns.t. m >n >

ni, we get

}
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d(l‘n, xm) < d<xn7 xn—s—l) + d(xn—i-la $n+2) + -+ d(xm—la mm)

Z d(zs, ziq1) < Z il

i=n ¥’

IN

The series Y 5° - is convergent. It follows that {z,} is a Cauchy O-
¥

(2
sequence in X. Since X is O-complete, there exists z € X such that z,, — 2

as n — oo. Since T is | -continuous, we have

Tz=T(lim z,)= lim x,1; = 2.
n—oo n—oo

Hence, z is a fixed point of T
For the uniqueness of fixed point, if w is another fixed point of T, then
from equation (3), we get

7+ F(d(w,2)) = 7+ F(d(Tw,Tz))

< F(max {d(w,z),d(w,Tw),d(z,Tz),

2
= Fd(w,2)),

d(w,Tz) +d(z, Tw) }) .

a contradiction that 7 < 0. So, d(w, z) =0, i.e.,, w = z. O

Example 3. Let X = [0, 1]NQ and the metric is defined by d(z,y) = |z—y|.
Define the binary relation | on X by « 1 y if zy = 0 or x. It is easy to see
that 0 L y for all y € X. Hence, (X, L) is an O-set. As we know the set of
Q with Euclidian metric is not a complete metric space. Hence, X is not a
complete metric space but it is O-complete.

Let T be a map defined as

_J 3, ifzel0,1)NQ;
T(x)—{ 0, ifz=1.

It is easy to see that T is L-continuous and L-preserving. But, 71" is not
F| -contraction because for x = 1 and y = 3/4, where 1 is orthogonal for
each y € [0,1] N Q,

d(z,y) =d(1,3) = § < § = d(T1,T}) = d(Tz,Ty).

Hence, by equation (2), we get 7 < 0 which is contradiction.
Now, we prove that T satisfies the condition of F'|-weak contraction.
Since, 0 is orthgonal for each y € [0,1] N Q. Therefore, for z = 0 and

y€(0,1)NQ,
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d(T0,Ty) = d(0,%) =% <y=4d(0,y)

d(0,Ty) + d(y,T0)
R

Also, 1 is orthogonal for each y € [0,1] N Q. For x =1 and y € (0,1) NQ

= maX{d(O,y),d(O,TO),d<Z/>TZ/)7

d(T1,Ty) = d(0,%) =5 <1=d(1,T1)

d(1,Ty) + d(y,T1) }

= max {d(1,9),d(1,T1),d(y, Ty), .

Hence, T' is F| -weak contraction for F(x) = Inz and 7 = In2. By Theorem
(1), T has a unique fixed point, i.e., x = 0. O
Remark 1. We get the result of Sawangsup et al. [6] as following corollary.

Corollary 1. Let (X, L,d) be an O-complete metric space and T : X — X
1s an F'| -contraction with 1 -preserving and 1 -continuous. Then T has a
unique fized point z € X.

Corollary 2. Let (X, L,d) be an O-complete metric space and T : X — X.
If there exist F' € F and T > 0 such that, T is 1 -continuous, L -preserving
and T satisfies

d(Tz, Ty) >0 = 7+ F(d(Tz,Ty))
< F(ad(@,y) + Bd(, Tx) + ~d(y, Ty) +
old(w, Ty) + d(y, Ta))),

for all x,y € X with x 1L y, where a,8,7,0 > 0 and o+ B+ v+ 26 < 1.
Then T has a unique fized point z € X.

Proof. For all x,y € X, with L y, we have
ad(z,y) + Bd(z, Tz) + vd(y, Ty) + old(z, Ty) + d(y, Tx)]

d(xz,Ty) + d(y, Tx) }
2

IA

(a+ B+~ +20) max {d(fb‘,y%d(w,Tw), d(y, Ty),

< max {d(x,y)’ d(z,Tx),d(y, Ty), d(z,Ty) + d(y, Tx) }

2
Following the proof of theorem (1) we get the required result. O
The following result is generalization of the result given in [5] where the

existence of the fixed point for the mappings satisfying a contraction condi-
tion for the points of a closed ball was considered.
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Theorem 2. Let (X, L,d) be an O-complete metric space and T : X — X.

If T is F\| -weak contraction for all z,y € B(xo,r), L- preserving and L-
continuous on X. Moreover, for any r > 0,

N
Zd(xj,T:nj) <r, forall j € N.
5=0

Then there exists a point z € B(xg,r) s.t. Tz = z.

Proof. We construct a sequence x,, such that x,, = Tx,_1 and show that it
is O-Cauchy sequence. First we claim that z,, € B(z,r) for all n. We have,

d(xo,x1) = d(zo, Txo) < 7.

Suppose, T2, 3, ...,T, € B(xg,r). Following the proof of Theorem (1), we
have

F(d(zp,xnt1)) < F(d(zp—1,2n)) — T.
Hence, by property (F'1), d(zp41,%n) < d(zn—1,%,). Thus,

d(xo, Tnt1) < d(wo,x1) +d(w1,22) + - + d(Tp, Tny1)

N
= Zd(xj,ij) <r = xp41 € B(xo,1).
=0

e

Hence, z,, € B(xg,r), for all n € N. Again, following the proof of theorem
(1), sequence {zy} is O-Cauchy sequence and {z,} — z € B(x,r). Since
T is L -continuous, we have Tz = z. O

Remark 2. Taking (X, d) a complete metric space in Theorem 2, we get
the following result.

Corollary 3. Let (X,d) be a complete metric space, T : X — X be a

mapping, v > 0 and xg be an arbitrary point in X. Suppose there exists
k € [0,1) with

d(Tz,Ty) < kd(z,y), for allz,y € B(xo,r),
and d(xg, Txzo) < (1 — k)r. Then there exists a unique point z € B(xg,r)
such that z =Tz.
3. APPLICATIONS

Now, we apply our result to prove the existence theorem for the solution
of the second order differential equation. which represents motion of spring
under exterior force (for more details see [7]) and given by;

d?u idu
(8) dt?2  mdt
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where K : [0,1] x RT — R is a continuous function and I > 0.
Above problem is equivalent to the integral equation

() u(t) = /O Gt s)K (s,u(s))ds, t€0,1],

where G(t, s) is the Green’s function, given by

=9 (t—s), 0<s<t<I;
G(t’s)_{ 0, 0<t<s<I.

where 7 > 0 is a constant, calculated in terms of ¢ and m.
Let X = C([0,1],R™") be the set of all non negative continuous real func-
tions defined on [0, I] with

ulv <= u(t)(t) >0,

for an arbitrary u,v € X. We define

—27't}
9

llullr = sup {Ju(t)|e where 7 > 0.
t€[0,1]

)

Hence, (X,d) is an O-complete metric space. Consider the self-map T :
X — X defined as

Tu(t) :/0 G(t,s)K(s,u(s))ds, te]0,I1].

Clearly, if equation (8), possess a solution then it must be fixed point of T

Theorem 3. Suppose:

(i) K is increasing function,
(i) ulv < wu(t)v(t)>0,
(iii) there exists T > 0 such that

’K(Sau) - K(57U)| < TQQ_TM(“?”)a
for all s € [0,1],u,v € R, where

u—TU|—|-|U—Tu|}

M (u,v) :rnax{]u—v\, |lu — Tul|, lv—"Tuv|, | 5

such that

M (u,v) = sup {e > M(u,v)}.
te(0,1]

Then the equation (9) has a unique solution.
Proof. Since X = C([0,I],R") is an O-complete metric space. It is clear

that T" is 1-continuous and _L-preserving.
Now, for all w,v € X with v L v and Tu(t) # Tv(t), we have
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|Tu(t) — To(t)| < /OtG(t,s)|K(s,u(s))—K(s,v(s))|ds
< /Ot G(t,s)T*e "M (u,v)d s

= /0 t G(t,s)r2e Te* e M (u,v) d s

< 7% "M, (u,v) /Ot G(t,s)e* ™ ds

= 72¢ "M, (u,v) /0 t Tt —s)e™ 7 d s

t
72e™" M, (u, v)eTt/ et —s)ds

0
_ 2 “TM Tt eTt 1 t —7t -7t
= 1% r(u,v)e X?( —Tte” " —e )
< e "M, (u,v)e* ™ (1—7te™ —e ™) < 1.
Therfore,
Tu(t) = To(t)[e " < e "M (u,0),
|Tu—Toll, < e "M (u,v).
Taking logarithms, we get
In(||[Tu —Tv||;) < In(e”"M;(u,v),
T+ In(||Tu—Tv||;) < InM:(u,v).

T satisfies all the criteria for F'(z) = In(z) of Theorem 1. Hence, we get a
unique solution of equation (9). O
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